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An early stage of kinetic energy domination for inflation is applied to single-field quadratic and
hybrid-type potentials considering only the amount of inflation necessary to solve the problems
of the standard cosmological scenario. Using initial conditions inside the 1-sigma interval of the
best-fit cosmological parameters for the potentials, low values for the quadrupole component can be
obtained.
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I. INTRODUCTION
Following previous works in which a modification of
the chaotic inflation scenario [1] is proposed to quantify
the predictions of the λφ4 potential [2], in this work the
idea is further applied to the m2φ2 potential and a hybrid
inflation potential during the stage when there is effec-
tively a single field leading the dynamics. The intention
is to evaluate what the effects of this scenario on different
types of potentials are. The implementation of this idea
in both cases gives predictions for the inflationary pa-
rameters inside the constraints imposed by observations
[3]. As previously reported in [4] where specific cutoffs of
the primordial spectra are used, an early stage of kinetic
energy domination with only an amount of inflation nec-
essary to solve the problems of the standard cosmologi-
cal scenario naturally gives rise to lower values of the first
multipoles of the Cosmic Microwave Background (CMB),
this is also studied in [5]. By doing a mode integration
to find the best-fit values of this scenario for both poten-
tials, initial conditions inside the 1-sigma interval for the
quantities that define this scenario of inflation can match
the low value of the quadrupole although at a pivot scale
two orders of magnitude bigger than 0.002 Mpc−1. Eval-
uation at scales closer to 0.05 Mpc−1 can also produce
lower values of the quadrupole.
Additionally, an initial condition for the perturbations
consistent with an early stage of kinetic energy domina-
tion is considered. The predictions and results for this
case are in accordance to those found in [6], applied to
the scenario already mentioned in [4], in which the form
of the power spectrum does not show a significant de-
pendence on the choice of initial conditions. In the cases
studied here, no previous stage of radiation domination
is considered to set the initial conditions for the pertur-
bations or the background evolution [7], [8].
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II. NOTATION AND PROCEDURE
This is a complementary work to [2] and follows the
same notation and procedure. This scenario considers
the existence of an upper bound for the validity of a the-
ory in terms of an effective potential, setting therefore a
limit to the total amount of inflation that can be pro-
duced. For the application of this scenario, a mode in-
tegration for the equations of inflationary perturbations
has to be done to find the behavior of the primordial
power spectra during the initial stage of kinetic energy
domination. This early phase breaks slow-roll dynamics
and a power-law parameterization for the spectra cannot
be applied. From the mode integration one can use the
resulting power spectra to obtain the values of the ex-
pansion in multipoles of the CMB anisotropies and the
best-fit parameters for a specific potential.
The integration of the equations of motion for the
background and perturbations is done with respect to
the number of e-foldings N , assuming homogeneity and
isotropy from the beginning of inflation:
dH
dN
=
V
M2PH
− 3H (1)
dφ
dN
=−
√
6M2P −
2V
H2
.
H is the Hubble rate of expansion, V the potential energy
and φ the scalar field driving inflation. The conventions
followed here are φ˙ < 0 ⇒ H ′ > 0 and H ≡ dN/dt,
where t is cosmic time, therefore dN > 0 as dt > 0. MP
is the reduced Planck mass defined as MP ≡ mpl8pi and
mpl = 1.22×1019 GeV is the Planck mass. The notation
is in units where c = 1, h = 1.
The equations of scalar and tensor perturbations are
[9]
d2uSk
dN2
+ (1− 1)du
S
k
dN
+
[(
k
aH
)2
− fS(1, 2, 3)
]
uSk=0,(2)
d2uTk
dN2
+ (1− 1)du
T
k
dN
+
[(
k
aH
)2
− fT (1)
]
uTk =0
where fS(1, 2, 3) = 2− 1 + 32 2− 12 12 + 12 23 + 14 22 and
fT (1) = 2 − 1, in terms of the horizon flow functions
defined as [10]
0 ≡ Hi
H
, m+1 ≡ 1
m
dm
dN
, m ≥ 0. (3)
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2uS,Tk represents the usual gauge-invariant combination of
metric and field perturbations for scalar and tensor fluc-
tuations [9], k is the comoving wave number of each per-
turbation mode.
Following the procedure mentioned in [2], this scenario
is applied here to two single-field inflation potentials :
V =
1
2
m2φ2, V = V0
(
1 +
φ2
16piM2P
)
(4)
where the second one corresponds to the hybrid inflation
potential in the notation of [11] for the stage where there
is effectively one scalar field influencing the dynamics, as-
suming inflation finishes instantaneously. The conditions
under which this happens are studied in [12]. In this
case, as there is no natural end of inflation, the value
φ = 16.3MP is used to stop the process of inflation.
To set the initial values for the perturbations, first
Bunch–Davies vacuum initial conditions are considered:
scalars:
uSk =
1√
2k
e−ikτi ,
duSk
dN
= −iuSk
(
k
aiHi
)
, (5)
tensors:
uTk =
1√
k
e−ikτi ,
duTk
dN
= −iuTk
(
k
aiHi
)
. (6)
And an initial condition consistent with the solution of
kinetic energy domination for the mode equation is also
considered [4], [6]:
uS,Tk (τ) =
√
pi
8hi
(1 + 2hiτ)H
(2)
0 (kτ) (7)
where τ is conformal time defined as dτ = dt/a(t),
h = a,τ /a = aH, a the scale factor and H
(2)
0 is a Hankel
function defined as H
(2)
n (kτ) ≡ Jn(kτ)−iYn(kτ), with Jn
and Yn Bessel functions and n a positive integer. From
this expression, the initial conditions for the scalar and
tensor perturbations considering kinetic energy domina-
tion in terms of the number of e-foldings are
scalars:
uSk=
√
pi
8aiHi
H
(2)
0
(
k
2aiHi
)
, (8)
duSk
dN
=
√
pi
8aiHi
[
H
(2)
0
(
k
2aiHi
)
− k
aiHi
H
(2)
1
(
k
2aiHi
)]
,
tensors:
uTk =
√
pi
4aiHi
H
(2)
0
(
k
2aiHi
)
, (9)
duTk
dN
=
√
pi
4aiHi
[
H
(2)
0
(
k
2aiHi
)
− k
aiHi
H
(2)
1
(
k
2aiHi
)]
.
The expressions for the power spectra are [11]
PR =
k3
4pi2M2p
∣∣∣∣uSkzS
∣∣∣∣2 , PT = 2k3pi2M2p
∣∣∣∣uTkzT
∣∣∣∣2 (10)
with zS = a
√
1, zT = a. The scale factor is normal-
ized to 1 at the beginning of inflation.
In order to obtain the predictions of this scenario, the
quantities used to set the initial conditions for the back-
ground are the scalar field and the function 1. Since this
scenario is a modification of chaotic inflation, the initial
condition for the scalar field is assumed to be above the
Planck scale, at a value that assures to produce only the
amount of inflation necessary to solve the problems of
the standard cosmological scenario. The initial value of
the function 1 sets the phase of kinetic energy domi-
nation from which the system of equations rapidly joins
the slow-roll attractor regime. Consequently, the poten-
tial is many orders of magnitude smaller than M4P when
inflation starts.
The best-fit parameters are obtained by reusing the
existing parameters in the publicly available CAMB [13]
and COSMOMC codes [14]. Once the initial value for the
field, 1 and the coefficients of the potentials are set, the
start of inflation determines the initial scale k that will
be used for the mode integration and extrapolation of the
primordial spectra for the CAMB code assuming sudden
reheating to transfer the scales from GeV to Mpc−1. For
each potential a new covariance matrix is found.
When the coefficients m and V0 in the potentials are
varied, this scenario contains one parameter extra than
a standard Λ cold dark matter scenario (ΛCDM) with 6
primary parameters. For these cases, the Akaike infor-
mation criterion and a χ2 criterion are applied in order
to know the goodness of fit for this scenario.
III. RESULTS
The best-fit parameters are calculated for each poten-
tial in three cases corresponding to Bunch-Davies initial
conditions for the perturbations and kinetic energy dom-
ination, varying the coefficients m and V0 with tensors
included and keeping them fixed without tensor modes.
To compare with the results found in [2], a simulation for
the λφ4 potential was also performed when the solution
for kinetic energy domination is applied to set the initial
conditions for the perturbations.
The value of the pivot scale in the Monte Carlo code
does not affect the mode integration since the moment
when inflation starts with kinetic energy domination de-
termines the initial scale for the integration. Nonetheless,
a simulation was done for each potential in order to check
that the best-fit parameters were indeed not affected by
changing the value of the pivot scale in the COSMOMC
code.
In Table I the results of the Monte Carlo simulations
are shown for the potentials in Eq. (4); all simulations
have been done for 6 chains of 100 000 samples of length
each, using WMAP 7-year data including TT, TE and EE
spectra only. To account for the number of final indepen-
dent samples, 20% of rows are excluded from the analysis
of the chains. The lensing effect is taken into account in
all cases. The values in Table I for the coefficients of the
potentials are m/Mp and V0/M
4
P respectively.
3TABLE I. Results of Monte Carlo integration for kinetic energy domination (k. e. d.) and Bunch–Davies (BD) vacuum initial
conditions. The sixth column shows the values for coefficients of the potentials.
Initial independent
Potential conditions 1,i φi/Mp Coefficient Tensors samples Burn-in R-1
1 1
2
m2φ2 k. e. d. [2.63, 2.999] [16.57, 17.97] [6.14× 10−6, 7.13× 10−6] included 6985 220 0.0017
2 BD same same same included 5749 249 0.0028
3 BD same same 6.62× 10−6 not included 5828 164 0.0021
4 hybrid k. e. d. [2.9, 2.999] [23.6, 24.4] [1.73× 10−10, 2.12× 10−10] included 5711 324 0.0022
5 BD same same same included 3359 212 0.0048
According to the conclusions of [2], the most favored
situation for this scenario of inflation corresponds to 1,i
being as close as possible to 3. The results in Table I
show the biggest number of final independent samples
when the coefficients of both potentials are varied, the
tensor modes are included and an initial condition with
kinetic energy domination for the perturbations is used.
In the case of the hybrid potential, the prior interval of
initial values for 1 that allowed to conclude successfully
the simulations had to be reduced to [2.9, 2.999], whereas
for the φ2 potential a wider range of initial values for this
function is allowed. For all cases a simulation with a pivot
scale equal to 0.01 Mpc−1 is performed in order to check
that the best-fit values are not too different from those
with kpivot = 0.05 Mpc
−1 from the same prior intervals.
Only the final number of independent samples depends
significantly on the value of the pivot scale. Its value
almost doubles for kpivot = 0.01 Mpc
−1 with respect to
0.05 Mpc−1.
In Table II, the best-fit cosmological parameters are
presented when the coefficients of both potentials are var-
ied and tensor modes are included. An initial condition
with kinetic energy domination for the perturbations and
for Bunch–Davies vacuum shows no differences in the pre-
dictions for the parameters. In the case of the hybrid po-
tential, only the results for kinetic energy domination are
presented since there are no changes in those values as
compared to using Bunch-Davies initial conditions. The
same situation applies to the results of the λφ4 potential
when compared to the values for the cosmological param-
eters found in [2], and therefore the results are omitted
here. The distributions of the cosmological parameters
for case 1 in Table I are presented in the Appendix. It can
be observed that, as in [2], the initial value of the field and
1,i are degenerate with each other and the only indepen-
dent parameter for this scenario is the total amount of
inflation produced by each model. These two quantities
have non Gaussian distributions whereas the distribution
for the coefficient of the potential is Gaussian.
As mentioned before, all models with the exception of
case 3 presented in Table I, are described by 7 primary
parameters, one more than a standard ΛCDM model
with 6 parameters. For these cases the Akaike informa-
tion criterion (AIC) is applied in order to compare the
goodness of fit: AIC = −2Lmax+2Npar where Lmax is the
maximum likelihood of each model and Npar is the num-
ber of parameters. The results are shown in Table III.
The values of ∆AIC for both potentials here are smaller
than those for the λφ4 potential as seen in [2], the differ-
ence for the m2φ2 potential is the smallest of the three
cases. Therefore, the results for these two potentials in
this scenario are only marginally worse than the standard
ΛCDM scenario.
A. Mode Integration, Spectral index and Running
The results of the mode integration are presented only
for the m2φ2 potential considering two possibilities :
Equations (5), (6), (8) and (9) for the initial conditions of
the perturbations. The behavior of the spectral indices
nS,T , and runnings αS,T for scalar and tensor perturba-
tions using the mode integration is also shown. Two ex-
pressions that can be applied when the power spectra are
continuous functions are written in the appendix. When
they are obtained from a mode integration, they are dis-
crete functions as a result of the integration of Eqs. (1)
and (2) for 200 fixed values of the scale k and an alter-
native way to evaluate the indices and runnings is used.
The scales for the mode integration were determined us-
ing the first mode, obtained when inflation starts, up to a
value five orders of magnitude bigger, spacing the interval
into 200 modes.
The results of the mode integration for both power
spectra are shown in Fig. 1, they show their behavior for
Bunch–Davies vacuum initial conditions, for kinetic en-
ergy domination and for slow-roll at first-order. Both ini-
tial conditions do not differ significantly from each other
when inflation starts. Therefore, as the process of in-
flation goes on, deeper sub horizon modes coincide with
the attractor slow-roll behavior when they are frozen out-
side the horizon without being affected by different initial
conditions even having approximately only 60 e-folds of
total accelerated expansion. The oscillations in the nu-
meric solutions appear because, as mentioned in [2], the
first modes being integrated are already nearly at the
moment of horizon crossing and the oscillatory solutions
of the mode equation can be observed.
The behavior of the spectral index and its running for
the scalar modes with the expressions written in the ap-
4TABLE II. Best-fit cosmological parameters for some of the examples in Table I. The parameter CP represents the coefficient
of the potential divided by Mp and M
4
P for each potential respectively.
Ωbh
2 ΩDM θ τ φi/Mp 1,i ln(10
10CP ) ΩΛ Age/Gyr Ωm zre r10 H0
1
2
m2φ2 1,2 µ 0.022 0.11 1.039 0.087 17.47 2.78 11.1 0.73 13.8 0.27 10.48 0.067 70.52
σ 0.0003 0.005 0.002 0.01 0.3 0.09 0.02 0.03 0.08 0.03 1.2 0.002 1.9
3 µ 0.023 0.11 1.039 0.09 17.47 2.78 11.1 0.72 13.8 0.28 11.0 - 69.9
σ 0.0003 0.005 0.002 0.01 0.3 0.09 - 0.02 0.08 0.02 0.7 - 1.6
hybrid 4,5 µ 0.023 0.11 1.041 0.1 24.1 2.93 0.63 0.75 13.6 0.25 11.04 0.03 73.13
σ 0.0003 0.005 0.002 0.02 0.2 0.02 0.03 0.02 0.1 0.02 1.2 0.001 1.9
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FIG. 1. Mode integration for the scalar and tensor modes from the best-fit value 1,i = 2.78, φi/Mp = 17.47, 6.55× 10−6 with
tensors, cases 1 and 2 in Table I.
TABLE III. Akaike information criterion applied to the mod-
els presented in Tables I,II with respect to a ΛCDM model of
6 parameters.
Model − lnLmax Npar AIC ∆AIC χ2
ΛCDM 3737.2 6 7486.4 0 7474.4
1 3736.384 7 7486.768 0.368 7472.768
2 3736.39 7 7486.78 0.38 7472.78
4 3737.419 7 7488.838 2.07 7474.838
5 3737.509 7 7489.018 2.25 7475.018
pendix are shown in Fig. 2. In the case of the spectral
index, the plot shows the result of the mode integration
from the second mode onwards and for the running from
the third mode onwards. This is only due to the ex-
pression taken to approximate the derivatives of the dis-
crete power spectrum. However, both initial conditions
seem to suggest that the initial value of the spectral in-
dex is close to or at 3, from which the oscillations of the
solutions of the mode equation are also present in the
derivatives. A similar behavior is observed for the run-
ning. In the case of the spectral index, the derivative
is always positive. The behavior of the same quantities
for the tensor modes are shown for completeness in the
Appendix.
To quantify the predictions of each potential for the
best-fit values obtained in the Monte Carlo integration,
the slow-roll expressions for the amplitude of the scalar
spectrum, the spectral index and the running at first-
order in slow-roll are used. They are presented in Ta-
ble IV for two pivot scales at 0.01,0.05 Mpc−1, the first
three cases of Table I, II give the same predictions since
the best-fit values for the initial 1 and φ/MP are the
same. They satisfy the constraint on the amplitude of
scalar perturbations at 1 and 2 sigma levels for the anal-
ysis of WMAP7 data including running of the spectral
index.
B. Low Multipoles
An early epoch of kinetic energy domination has been
proposed as an explanation for the smaller than expected
power of the low multipoles of the CMB anisotropies [2],
[4], [5], [6], [7], [8], [15], [16], [19]. By applying initial con-
ditions for the field, 1,i and the coefficient of the poten-
tial inside the 1σ interval of the best-fit values in Table II,
it is possible to find the quadrupole below 200 with values
of the tensor-to-scalar ratio, spectral index, running and
amplitude of scalar perturbations inside the 1 and 2σ in-
tervals allowed by observations for the analysis with ten-
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FIG. 2. Behavior of the spectral index and its running for the scalar modes using the mode integration, from the best-fit value
1,i = 2.78, φi/Mp = 17.47, 6.55× 10−6 with tensors, showing cases 1 and 2 in Table I, compared to the slow-roll prediction at
first order for the same initial condition.
TABLE IV. Values for inflationary observables at two different pivot scales for the best-fit values presented in Table II, r is the
tensor-to-scalar ratio.
Best-fit values: 1,i, φi/MP , CP NT k∗(Mpc−1), N∗ r ns dns/dlnk Amplitude
1,2,3 2.78, 17.47, 6.55× 10−6MP 63.2 0.05, 58.3 0.14 0.97 −6.8× 10−4 2.45× 10−9
0.01, 59.8 0.13 0.97 −8.99× 10−3 2.57× 10−9
4,5 2.93, 24.1, 1.88× 10−10M4P 61.85 0.05, 56.8 0.056 0.97 −1.7× 10−4 2.33× 10−9
0.01, 58.2 0.055 0.99 −6.1× 10−3 2.37× 10−9
sors and running [3]. However, this happens evaluating
these quantities at a scale of ∼ 0.3 Mpc−1. As the initial
conditions give higher values of the quadrupole, the infla-
tionary predictions are met for values of the scale closer
to 0.5 Mpc−1. Some examples of this for each of the po-
tentials in Eq. (4) are provided in Table V. The first and
fifth lines show the predictions for the quadrupole using
the central values of the best-fit parameters. As for the
other examples, one can observe that small changes in the
field and 1,i have a more significant effect than changing
the value of the coefficient of the potential. The same is
applicable to the results of the hybrid potential.
Although the value for the quadrupole predicted by the
best-fit models is not low enough on scales relevant for ob-
servations, the suppression of power has more statistical
significance for the two-point angular correlation func-
tion than for the quadrupole 1 [16], [17]. The two-point
correlation function is plotted in Fig. 3 for the central
values in Table II, the expression used is:
C(θ) =
1
4pi
`max∑
`=2
(2`+ 1)C`P` (cos θ) . (11)
where C` is the angular power spectra and P` Legendre
polynomials. The expansion is done for `max = 30. For
1 Many thanks to Dominik Schwarz for pointing this out.
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FIG. 3. Two point angular correlation function for the best-
fit values of cases 1,2, 4 and 5 in Table II, and a ΛCDM model
with ns = 0.96.
angles smaller than approximately 40◦, the predictions
for this function with the central values of the best-fit
models are in general more suppressed than those of the
ΛCDM model.
6TABLE V. Values for the quadrupole and octopole for the best-fit values, of 1,2, 4 and 5 in Table II.
φi/MP 1,i CP NT Quadrupole Octopole r ns dns/d ln k Amplitude N∗ k∗(Mpc−1)
m2φ2
1 17.47 2.78 6.55× 10−6MP 63.2 1120.6 1050.0 0.14 0.97 −6.8× 10−4 2.45× 10−9 58.3 0.05
2 16.94 2.78 6.57× 10−6MP 59.1 194.94 209.04 0.14 0.99 -0.066 2.27× 10−9 56.35 0.35
3 17.3 2.85 6.56× 10−6MP 60.52 656.62 717.42 0.14 0.99 -0.08 2.36× 10−9 57.9 0.08
4 17.35 2.85 6.56× 10−6MP 60.9 820.91 919.51 0.14 0.99 -0.06 2.4× 10−9 58.2 0.057
hybrid
5 24.1 2.93 1.88× 10−10M4P 61.85 1035.9 973.25 0.056 0.99 −2× 10−4 2.33× 10−9 56.79 0.053
6 23.9 2.95 1.88× 10−10M4P 57.71 213.42 220.11 0.057 1.0 -0.041 2.23× 10−9 54.7 0.42
7 24.0 2.94 1.88× 10−10M4P 59.86 942.37 995.96 0.056 1.0 -0.037 2.3× 10−9 56.8 0.052
8 23.95 2.94 1.83× 10−10M4P 59.25 683.31 753.49 0.056 0.99 -0.037 2.22× 10−9 56.2 0.094
IV. DISCUSSION
The implementation of the m2φ2 and hybrid poten-
tials for an early stage of kinetic energy domination with
only the sufficient amount of accelerated expansion gives
results consistent with those found before for the λφ4 po-
tential. The distributions of the quantities that set the
initial conditions for this scenario, that is the initial val-
ues of the scalar field and the function 1, show a degener-
acy between each other, which confirms that the only in-
dependent parameter for this scenario is the total amount
of inflation produced. The mode integration for these po-
tentials shows again the presence of a cutoff of power on
large scales. The spectral indices and the runnings ob-
tained from the mode integration show the oscillations of
the solutions of the mode equations of perturbations be-
fore the system joins the inflationary slow-roll attractor.
In accordance with the results of [2], initial conditions
inside the 1σ interval of the best-fit values for the field
and 1 can give a significant suppression of power on the
largest scales, and reproduce the value of the quadrupole
at very large scales. At k∗ = 0.05 Mpc−1 there is al-
ready a suppression of power but not large enough to be
consistent with observations. Additionally, the behavior
of the two-point angular correlation function shows that
on large angular scales, the power is suppressed for the
best-fit models of the m2φ2 and hybrid potentials with
respect to the ΛCDM case.
As mentioned before, the pivot scale set to do the
Monte Carlo integration must not alter the results for
the best-fit parameters as was found here by running a
simulation for the same intervals with a different value of
this quantity (0.01Mpc−1). What did change was the fi-
nal number of independent samples, which in some cases
is almost twice the amount of them as compared to a
pivot scale of 0.05 Mpc−1. Whether this has a physical
significance is not further investigated here.
Another aspect of this work is the use of initial condi-
tions for the perturbations consistent with an early stage
of kinetic energy domination. The results of the mode
integration show no significant alteration with respect to
the usual initial conditions in the vacuum, the solutions
rapidly join the slow-roll attractor and they have in fact
a less sharp cutoff of power on large scales. This how-
ever, does not affect the values of the best-fit parameters
obtained from the same prior intervals for Bunch–Davies
vacuum initial conditions and a homogeneous initial con-
dition in kinetic energy domination.
Another point to mention is, that similarly to the re-
sults for the λφ4 potential, the biggest number of final in-
dependent samples was found for those initial conditions
with 1,i ' 3. This perhaps can again be interpreted
as an indication that this initial condition represents the
most favored situation for this scenario.
Since the use of initial conditions for the perturbations
different from the vacuum does not alter the predictions
of this scenario, an interesting possibility for further ex-
ploration would be its application to multi field inflation
scenarios. For these cases, perhaps the effect of the sup-
pression of power on large scales could have a more sig-
nificant influence on the predictions of this scenario.
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Appendix A: Spectral indices and runnings
Applying the definition of the spectral indices and their
runnings, as given for example in [11]:
nS(k)− 1 ≡ d lnPR
d ln k
, nT ≡ (k)d lnPT
d ln k
, (A.1)
αS(k) ≡ dnS
d ln k
, αT (k) ≡ dnT
d ln k
,
7where PS and PT are given by Eq. (10), one arrives to
the following expressions for the spectral indices:
nS − 1= 1
(1− 1)
[
1− 31 − 2 + 2d ln |u
S
k |
dN
]
(A.2)
nT=
1
(1− 1)
[
1− 31 + 2d ln |u
T
k |
dN
]
and for the runnings :
αS=
1
(1− 1)2
[
2
d2 ln |uSk |
dN2
− 2(31 + 3)
+12(ns − 1)] (A.3)
αT=
1
(1− 1)2
[
2
d2 ln |uTk |
dN2
+ 12(nT − 3)
]
evaluated at k = aH, the moment of horizon crossing for
each perturbation mode. If one substitutes the expres-
sions of uS,Tk using the Stewart–Lyth solutions for the
mode equations [18]:
|uSk |' 1√
aH
[
1− 1(1 + C)− C
2
2
]
, (A.4)
|uTk |' 1√
2aH
[1− (1 + C)1] ,
where C = −2 + ln 2 + γ ' −0.73, one recovers the usual
slow-roll expressions at first-order:
nS ' 1− 21 − 2, αS ' −2(21 + 3), (A.5)
nT ' −21, αT ' −212.
From the mode integration one obtains the values for
the amplitudes of the spectra for a series of values of the
modes k. They are therefore discrete functions and the
previous expressions if applied, do not give as expected
a result that should join the slow-roll attractor given by
Equations (A.5). One therefore needs to evaluate the
derivative of the spectra as a discrete function directly.
In this case, the backwards difference approximation for
the first and second derivatives of the power spectra are
used. For an arbitrary function P (ki):
dP (ki)
dki
'
P (ki+1)− P (ki)
ki+1 − ki , (A.6)
d2P (ki)
dk2i
'
P (ki+2)− 2P (ki+1) + P (ki)
(ki − ki−1)2
after substituting in Equations (A.1):
nS = 1 +
k
PR
dPR
dk
, nT =
k
PT
dPT
dk
(A.7)
αS,T = k
dnS,T
dk
=
k2
PR,T
d2PR,T
dk2
+
k
PR,T
dPR,T
dk
−
(
k
PR,T
dPR,T
dk
)2
.
In this case, the spectral indices are evaluated from the
second mode onwards and the runnings from the third
onwards. The behavior of the spectral index and its run-
ning for the tensor modes are shown in Fig. 4. The distri-
butions of cosmological parameters for case 1 in Table I
are presented in Fig. 5
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